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Abstract. The aim of the paper is to give a synthetic proof that in a symmet- 
ric Minkowski plane the Benz's (G) axiom holds (without using the algebraic 
representation) . 



Introduction 

The foundations of Minkowski planes were built in the late sixties by R. Artzy, 
W. Benz, W. Heise, H. Karzel and others (of. [T], 0, 01, [T], [H|). Two large 
and well-investigated classes of models of Minkowski planes are determined by the 
symmetry axiom (S) (of. and the rectangle axiom (G) (0). 
It is well known that the axiom (S) determines the class of miquelian planes over 
commutative fields and the axiom (G) the larger class of planes connected with so 
called Tits near-fields (IHl)- It follows that the symmetry axiom implies the rec- 
tangle axiom but all known proofs have been indirect. They involve the algebraic 
representation of the planes. 

As a generalization of Minkowski planes by omitting the touching axiom (T) hyper- 
bola structures are considered (cf. Old)- The geometry of the graphs of a sharply 
3- transitive permutation set is a hyperbola structure (cf. [7]). The rectangle axiom 
is equivalent to the fact that the permutation set describing the hyperbola structure 
is closed under composition (cf. Hyperbola structures fulfilling (S) correspond 
to symmetric sharply 3-transitive permutation sets. 

In the fine paper US' Karzel proved that every symmetric sharply 3-transitive per- 
mutation set is isomorphic to PGL{2, K), where K is a commutative field, hence 
the corresponding hyperbola structure is a symmetric Minkowski plane and satisfies 
the rectangle axiom (G). 

The synthetic proof that the touching axiom (T) is a consequence of the symmetry 
axiom is given in [Jj. 

The aim of this paper is to present a direct, synthetic proof of the implication 
(S) — > (G) and to explain the geometric connection between the two axioms. Our 
proof is long, but this point of view provides a natural and intrinsic characteriza- 
tion of orthogonality in symmetric Minkowski planes. In some considerations we 
use ideas of Karzel from 13^ and give them a geometric interpretations. 
In Section 2 we give a synthetic proof that (S) implies both conditions of Dienst 
(0) 

(★) Every symmetry with respect to any circle is an automorphism. 
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(★★) The composition of three symmetries with respect to circles of a bundle is the 
symmetry with respect to a circle (of this bundle) . 

In Section 3 we define Minkowski planes of characteristic two independently of the 
notion of the characteristic of translation planes. For other Minkowski planes we 
introduce harmonic relation of generators. Then we define and characterize an 
involutory automorphism with two pointwise fixed generators called harmonic ho- 
mology. 

In Section 4 we obtain some configuration theorems which can be regarded as special 
cases of the rectangle axiom with orthogonality of suitable circles in assumptions. 
Especially the configurations from Lemma 4.1 and Corollary 4.4 appeared useful 
for a description of ordered Minkowski planes in our next prepared paper. In this 
section we use the language of permutation set for a brief exposition of results. 
However all presented statements have clear geometric interpretations. 
Acknowledgement The authors wish to thank the reviewer for the many helpful 
suggestions. 

1. Notations and basic definitions. 

Let V he a, non empty set oi points and A, Ei, S2 non empty subsets of the power 
set of V with Ei n S2 = 0; the elements of A and Ei U E2 will be called circles and 
generators respectively. M :— ('P,A, Ei U E2) is called hyperbola structure if the 
following conditions are valid: 

(HI) For each point p ^ P and i G {1,2} there is exactly one generator G G E; 
with p G G (notation [p]i := G). 

(H2) Any two generators A, B with A G Ei, i? G E2 intersect in exactly one point. 

(H3) Every generator intersects every circle in exactly one point. 

(H4) For any three distinct points a,b,c £ V with [a]i ^ [b]i ^ [c\i ^ [a]i for 

i G {1,2} there is exactly one circle C G A such that a, 6, c G G . 

(H5) There exists a circle containing at least three points. 

For any point p £ V the incidence structure {V^jA^), where := 

V \ {[p]i U [ph) and AP {K \ {p} \ K G A,p £ K}\J{A\ ^2 | A G Ei,p ^ 
A\ U {B \ [p]i I \B G E2,p ^ B} is called the derived structure of M in the point p 
(cf. 0). 

A hyperbola structure M — {P, A, Ei U E2) is called a Minkowski plane if it has 
the property: 

(T) ( Touching axiom ) For any circle C G A, any a G C and any 6 G P \ (C U [a]i U 
[0)2) there is exactly one circle B G A with b £ B and C O B = {a}. 

is a Minkowski plane if and only if the derived structure Ad^ in any point p is 
an affine plane. 

For points p,q and if G A we write [p] = U [p]2, pq — [p]i n [q]2,pK = 
K n \p]i,Kp ^ K r\ [p\2- For p,q,r G V such that p ^ [q],q ^ [r],p ^ [r] the 
unique circle through p, (7,r is denoted by {p,q,r)°. A set of points X is called 
concyclic if there exists a circle K £ A such that X C K. li p ^ [q\, the set 
{p,q) '■— {K G A\p,q G K} is called the bundle with vertices p,q. If p G K, for 
some circle K, the set (p, K) = {L G A\p G L,L Ci K = {p}} is called the pen- 
cil determined by the vertex p and the circle i<'(the pencil of tangent circles with 
vertex p and direction K). Two points p,q are called symmetric with respect to 
a circle K if pq,qp G K . The point symmetric to p with respect to a circle K is 
denoted by Sk{p)- For a circle K the involutory bijection Sk fixing the points 



THE SYMMETRY AXIOM IN MINKOWSKI PLANES 



3 



of K and exchanging the sets Ei, S2 is cahed the circle symmetry with respect to 
K. Two different circles K, L are called orthogonal if Sk (p) = P for every point 
p £ ^(notation: KLL). 

In this paper we consider only hyperbola structures satisfying the following sym- 
metry axiom (cf. [HI, (H, [3): 

(S) For any two circles K, L and a point p £ L\K \i Sk{p) G L, then KLL. 
If a hyperbola structure satisfies (S), then it is a Minkowski plane (cf. 0), so 
we call it the symmetric Minkowski plane. Until further notice we assume that 
Ai := {V, A, El U E2) is a symmetric Minkowski plane. We repeat this assumption 
only in the theorems. 

The main idea of the paper is to present a synthetic proof that every symmetric 
Minkowski plane fulfils the following rectangle axiom (cf. 0) 01) 
(G) Let {pi\l < i < 4}, {qi\l < i < 4} be two concyclic sets of different points 
such that {pi(7i|l < « < 4} is also a concyclic set of points. Then the set of points 
{<]iPi\i = 1, ■■■,4} is concyclic. 

Since the proof of the implication (S) — > (T) given in 7 is synthetic, next we will 
use the touching axiom. 

2. Properties of symmetries with respect to a circle 

We use the following connection between orthogonality and tangency in the 
pencil of tangent circles with vertex p. 

Proposition 2.1. Let K, L, M be different circles such that p G K,L,M, K±M. 
Then L±K LnM = {p}. 

Proof. ^ See [g, Satz 6. 

^ Let X £ L, X ^ p and x' = Sk{x). The circle L' — {x,p,x')° is orthogonal to K 
and tangent to M at p by (^). We obtain L' = L hy the touching axiom. □ 

In order to make all the constructions possible we assume that every circle con- 
tains at least 8 points. This is no loss of generality because in another case the 
plane is easy to describe (cf. [HI). 

Proposition 2.2. If I, J E A and I O J ~ {p}, then Si{J) is a circle. 




Figure 1. 
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Proof, (fig. 1) Let x €z J \p, x' — Si{x), and let J' be the unique circle passing 
through x' and tangent to J at p. We show that y' — Si{y) E J' for any y E J. 
Let a = xl, b = ly. Suppose first that a ^ b. 

Let c = ab, d = ba and K — {c,p, d)°. By (S), KLI. Since I r\ J — {p}, we have 
if _L J by Proposition 12. II and the points x,y are symmetric with respect to K. 
If ai = Ix and bi — yl, then Kai — Kx — yK — biK and so ai,6i 
are symmetric with respect to K. Since x' K — aiK — Kbi — Ky' and 
Kx' ~ Ka = bK = y'K, it follows that x' , y' are symmetric with respect to K . 
Consider the circle J" — {x',p,y')°. By Proposition [TTl J" D I = {p} because 
J" _L K. According to the touching axiom, J" — J' and y' G J'. 
If a = 6, it is enough to consider the point z E J such that Iz ^ a and zl ^ ly. By 
the first part of the proof we conclude that E J' and finally that y' E J' . □ 

Proposition 2.3. If I, J E A and I D J = {a, b} (a^b), then Si{J) is a circle. 

Proof, (fig. 2) For any point x E J, x a,b, set x' = Si{x). Let J' = {a,b,x')° 
and y be an arbitrary point such that y E J , y ^ a,b,x. Then y' = Si{y) E J' . 
Indeed, let c = ab, d ~ ba, e ~ xy, f — yx and K ~ (c, d, e)° . By (S), we obtain 
KU, J, J' and f E K. We define d = el, e^ = le, /i = //, /s = //. As IJ.K, 
we deduce that ei, 62 and /i, /2 are symmetric with respect to K. So we have 
Ky' = X/2 = fiK = a;'is: and y'K = 62/^ = ifei = Kx'. Thus y' is 
symmetric to x' with respect to K and by (S), y' E J' . □ 



Lemma 2.1. Let /, J G A anc? x,y E J \ I be different points. If xi — J{xl) and 
X2 = J{xil), then the points Si{x), Si{y), Si{xi), Si{x2) are concyclic. 

Proof, (fig. 3) We put a — Ix, b = yl, c = ab, d = ba, e = Sj{d) and K = (c, d, e)°. 
By (S), K±I. We set bi = ly, f = b^a, g ab^, h = Sjif) and L = if,g,h)°. 
By construction, it follows from (S) that K,L L I, J. We introduce the following 
points: j/i = biJ, 62 = lyi, y2 = b2J, 63 = Iy2, ai = x/, 02 = xiJ, 03 = ^2/. 
Then yi = S'l(.x). The points ai and 5i are symmetric with respect to K because 
aiK = Kbi — e and I±K. Analogously, we show successively that the pairs of 
points {xi,yi), (02,62), (a;2,y2), (as, 63) are symmetric with respect to K. In the 
same way we show that {x, yi), (ai, 62), (2^1, y2), (a2, 63) are symmetric with respect 
to L. Let x' = Si{x), y' — Si{y), x'^ = Si{xi), y'^ = Si{yi) {i = 1, 2). Then the pairs 



K 




Figure 2. 
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{x',y'), (x^,y[) [i ~ 1,2) are symmetric with respect to K and the pairs {x' ,y'i), 
{x'i,y2) are symmetric with respect to L. Indeed, for example for the pair {x'i,y2) 
we have the equahties 
x[L = aiL = L62 = Ly'2, 
Lx[ = La2 = b^L = y2L, 

because the pairs (01,62), (02,63) are symmetric with respect to L. From these 
equahties we see that x'l and 2/2 £^re symmetric with respect to L. 
Consider the circle M — {x',y',y[)°. Then MJ-K,L because Sk{x') = y' and 
Sl{x') = y'l- Using the previous symmetries we get consecutively x'-^ € M (because 
x[ = SKiy[)),y'2€M andx'2 GM. □ 




Figure 3. 



Theorem 2.1. For a symmetric Minkowski plane the symmetry with respect to an 
arbitrary circle is an automorphism. 

Proof. Let J e A. If / n J 7^ 0, then Si{J) is a circle by Propositions lO and lO 
Assume that I D J ~ 0. Let a; G J and xi, X2 be as in Lemma l2.ll Then 
Lemma 10 shows that Si{y) £ {Si{x), Si{xi), Si{x2))° for all y € J. □ 

Corollary 2.1. Every symmetry with respect to a circle preserves orthogonality of 
circles. 

Theorem 2.2. Let Ai be a symmetric Minkowski plane. If I,J,K £ (p, q) for 
some points p, q, then there exists L ^ (p,q) such that Sl — Sk ° Sj o Sj. 

Proof, (fig. 4) Let r — pq, s = qp. For every x ^ [p] U [ol consider the points 
xi = Si(x), X2 = Sj{xi), X3 = Sk{x2) and the circle M — (r,s,x)°. According to 
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(S), xi,X2, X3 G M. If a = XX3, b — x^x, then a and b are symmetric with respect 
to M. For L = {p,q,a)°, b E L because LLM. We show that for any point y, 
SLiy) = Sk o Sj o Si{y). 

For the points p,q,r,s,x this foUows immediately from the construction. Assume 
that 2/ ^ [p] U [q] U [x]. Let yi = y2 = Sj{yi), y^ = 5'k(2/2) and N = (r, s, y)° . 

Then 2/1, y2, 2/3 e iV. If c = yys, d = j/sy, z = = c6, then P = (r, s, z)"!/, J, if. 
It foUows that the points zi = Si{z), Z2 = Sj{zi), Z3 = Sk{z2) belong to P. We 
obtain successively the chain of equalities: 

ziz = xix, zzi = 2/2/1, Z1Z2 = X1X2, Z2Z1 = 2/22/1, z-iZ2 = X'iX2, Z2Z'i = 2/2J/3. From 
the first and fifth equality we get z^z = b, and from the second and sixth zz^ = c, 
so Sp{b) — c. Analogously, Sp{a) — d. Since P±L, it follows that c,d E L and 
2/3 = SL{y)- 

If 2/ £ [x], the above arguments apply with some simplifications [z ^ x or z — y). 
If 2/ G [p] U [(/], then without loss of generality we assume that 2/ G [p]ii2/ 7^ P?''- 
For any a G [y]2 \ [p] by the previous part of the proof we get SKS,jSi{a) = 
SL{a)- It follows that SKSjSi{[y]2) = SLiiyh) because [a]2 = [y]2- We also have 
SKSjSi{[y]i) = SLi[y]i) because [y]i = [p]i, so 5if5,75/(y) = ^^(y). □ 

m\p/n 



yl/ 


0.' 










^C3^ 







Figure 4. 

Just as for bundles, we have the theorem on reduction for pencils of tangent 
circles. 

Proposition 2.4. // /, J G {p,K), then there exists L G {p, K) such that 
Sl = Sk o Sj o 5"/. 

Proof. The composition Sk o Sj o Sj is an automorphism which induces on the 
derived affine plane M.^ a central coUineation with improper center corresponding 
to the ideal point of the pencil of circles orthogonal to K in p. The axis of the 
coUineation is a proper line (because each symmetry exchanges the sets Ei and 
S2), so we get a pointwise fixed circle passing through p, tangent to K. □ 
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3. Characteristic of a Minkowski plane and harmonic relation of 
generators of the same kind 

Proposition 3.1. If I, J E A, then 
I J- J -i^ Sj o Si is an involution. 

Proof, (fig. 5) Since / ± J, for x e / U J, we have Sj o Si{x) = Si o Sj{x). 
If X ^ / U J, we set x' — Si{x), x" — Sj{x') and xi ~ Si{x"). We show that 
X = Sj{xi). 

Let a = xl, b = Ix, c = x"I, d = Ix" . We obtain Ja = Jx' = x" J = cJ, so the 
points c and a are symmetric with respect to J. Similarly, h and d are symmetric 
with respect to J. We obtain xJ = a J — Jc ~ Jxi and Jx = Jb ~ dJ — xiJ. 
Hence x, xi are symmetric with respect to J. 

<J= For any x G I we have Si o Sj{x) = Sj o Si{x) = Sj{x), hence Sj{x) G /. □ 




Figure 5. 



Definition 3.1. (^I], Def. 2.2) An automorphism </? of a Minkowski plane is called 
a double homothety if there exist points p,q, [p ^ [q]) such that p,q,pq,qp G Hxip 
and fiMPj ^\mpi ^-re homotheties of affine planes. 

Corollary 3.1. ([TT], Prop. 2.2, p. 422) IfI,Je A, I±J, I H J = {a,b}, then 
Sj o Si is a double homothety. 

Proposition 3.2. ///, J,K e A, I±J, K, inJ = {p} andp e K, then inK = {p}. 

Proof Since I n J = {p} and I±K, we have K±J by Proposition EH As K, I±J 
and pEl,J, K, it follows that K n I ~ {p} by Proposition 12. II □ 

Proposition 3.3. If ID J ~ {p,q} andl-LJ, then for every circle K £ {p,q) there 
exists exactly one L £ (p,q) such that LJ-K. 

Proof. By Theorem 12. 21 there exists L €< p,q > such that Sl — Sk ° Sj o Si. 
So we get Sj o Si = Sk o Sl and K±L by Proposition 13. II If L, L' G< p, q >, 
L, L' LK and L' ^ L, we obtain a contradiction with Proposition 12. II □ 

The following theorem allows us to introduce the definition of symmetric Minkowski 
planes of characteristic 2. 

Theorem 3.1. Let A4 be a symmetric Minkowski plane. If there exists a pair of 
orthogonal and tangent circles, then every pair of tangent circles is orthogonal and 
every pair of orthogonal circles has at most one common point. 
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Proof. First we prove the second part of the theorem. Since any pair of different 
points can be transformed in any other by a composition of two symmetries and 
each symmetry preserves orthogonahty fCorollarv l2.1|l . it is enough to show that 
the foUowing is impossible: /_L J, I O J = {p} and K±L, K,L G (p, q) for some 

1, J,K,LeA,p,qeV,pi [q],q G /. 

Let K' be a circle such that q ^ K' , K' O J = {p}. By Proposition there exists 
a circle L' e {p, q) with L'±K'. Then L'±I, J and by ProDOsition l2.1l L' is tangent 
to K', contrary to L' e< p, g >. 

To prove the first part assume that I Ci J = {p}. UKgA, pGK,K^I and 
KLJ, then by the already proven part of the theorem we get K D J — {p}. In 
particular K D I = {p} and K±J. From Proposition 12. II we obtain /± J. □ 

By Theorem 13.11 we can introduce the following definition. 

Definition 3.2. A symmetric Minkowski plane Ai is of characteristic 2 (notation 
charM = 2) if there exists a pair of orthogonal tangent circles. 

We use the notation charAl ^ 2 in the case M is not of characteristic 2 although 
we don't define another characteristic of Minkowski planes. This doesn't arise 
confusion and agrees with the usually used notation (cf. [S], |ni> El)- 
From the definitions we remark that charA^ ^ 2 exactly when for some points 
p,q with p ^ [q] there exists a double homothety with centers p,q (cf. For 
such planes the existence of one homothety implies that all the possible double 
homotheties exist. 

From Proposition l3 . H and [111 Proposition 2.2], we get the following characterization 
of involutory homotheties of symmetric Minkowski planes. 

Proposition 3.4. Iftp is an automorphism of a Minkowski plane M. with charAI ^ 

2, then the following are equivalent: 

(i) if is an involutory homothety, 

(ii) (p is a double homothety, 

(Hi) If is a superposition of two symmetries with respect of two orthogonal inter- 
secting circles. 

Remark 3.1. The equivalence of (i) and (ii) is proved in '12" without a further 
assumption. 

By Proposition 13 . 41 and |12l Corollary 2] if charA^ ^ 2 for any a,b {a ^ [b]) there 
exists exactly one double homothety with centers a, b which will be denoted by 

Lemma 3.1. // char ^ 2 and points a,b,c,d satisfy the conditions [a]i = [c]i, 
[b]i = [d]i for a fixed i (i — I, 2), then Ha.b{X) = Hc,(i(X) for every X G . 

Proof. First we assume a = c. The automorphism ip = Ha^d ° ^a,b, being a su- 
perposition of two homotheties, induces a collineation with improper axis of the 
derived affine plane . If = (^|^a had a proper center, then there would exist 
e G [a]i, / G [bjiO [ejs-i such that Lp{e) = e, ^{f) = f ■ Then Lp induces a homothety 
with center / on the plane M°' ■ Analogously ip induces a homothety with center e 
of the plane M°- , where {a'} = [a]z-i n [b]i. 

Hence, Lp = Ha,/ would be an involution and Ha,rf(t') a fixed point of Ha,b, a con- 
tradiction. It follows that the center of (p' is an improper point corresponding to 
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the class Si and lla,b{X) — tla,d{X) for every X G . li a ^ c, then by the 
above, for every X G Ei we get 11a,b{X) — H.c,b{X) — flc,d{X). □ 

For M = (V, A, Si U S2) with charX ^ 2, A,B e T,i and A B we may put 
the foUowing two definitions. 

Definition 3.3. X^Y G T,i are harmonic conjugate with respect to A, B if there 
exist a e A, b € B such that 'H.a,b{X) = Y and X,Y ^ A, B. 

Definition 3.4. The harmonic homology with axis A, B (denoted by S^,b) is a 
permutation of V defined as follows: 

(i) for X e AU B, SA^six) = x 

(ii) for X ^ AU B, SA.six) ~ y <^ Hs-i = [ujs-i and the generators [x]i, [y]i are 
harmonic conjugate with respect to A, B. 

By Lemma l3. II Definition 1^751 is independent of the points a,b. 

Corollary 3.2. For any A, B £ Y.i such that A ^ B, Sa,_b is an involutory auto- 
morphism of the Minkowski plane. 

Proof. Sa,b is an involutory bijection preserving the sets Si because double ho- 
mothety is an involution. Let K^K, a = A\^K,h~Bf\K. We show that 
Sa,b{K) = L, where L £< a,b> and L±K. By ProDOsition l3.4l Ha,fc = SloSk- If 
X £ K,x' £ L and [a;]3_i = [x']z-i, then SA,B{[x\i) = Sl°Sk[[x\i) = SL{[x\3.-i) = 
SL{[x%^i) = [x']i and x' = Sa,b{x). □ 

Corollary 3.3. //charA^ ^ 2, X,Y £ H,, X :^Y, K,L£ A, then 
Sx,YiK) = L^ L±K AKnL = KniXUY) . 

We now turn to the case of characteristic two. 

Proposition 3.5. Let charA^ = 2. If X Y , X,Y £ i:, and p ^ X U Y , then 
there exists an involutory translation exchanging X, Y and fixing pointwiese [p]i. 

Proof. Let K £ K with p £ K and x, x' be different points of K with x, x' ^ p. The 
circle L = {p,xx' ,x'x)° is orthogonal to K. By Definition 13.21 and Theorem 13. II L 
is tangent to if in a point p. The automorphism Sl ° Sk, according to Proposition 
13.11 is an involution exchanging x, x' , and induces a translation of A4^. In the same 
manner we can obtain the transitivity of translations of in any other direction 
determined by a circle. 

By |1UI Theorem 4.19, p. 100], we obtain the transitivity of translations with the 
direction determined by S3_i. From the proof of Theorem 4.19] it follows that 
these translations are compositions of translations with directions determined by 
circles, so they are induced by automorphisms of M. They are also involutions by 
[ini Theorem 4.14, p. 97]. □ 

Remark 3.2. From Corollarv l3 . 21 and Proposition l3 . 51 it follows that on a symmetric 
Minkowski plane for different generators A,X,Y £ S^ there exists an involutory 
automorphism which fixes A pointwise and exchanges X and Y (see [0] for this fact 
for Minkowski planes with axiom (G)). 

Proposition 3.6. Let charA^ = 2. // circles K, L are tangent at p and MJ-K, L, 
then M £ {p, K) 

Proof. If p ^ Af, we obtain a contradiction with Theorem 13.11 because the points 
p, Sm{p) are two different common points of the orthogonal circles K, L. □ 
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4. The proof of postulate G 



We begin with the main lemma. 

Lemma 4.1. Let p,q G V and K, L, M, N G A satisfy the following conditions: 
(i) p^q, pe [q]2, peKDL, qeMnN, 
(a) K,MLL,N. 

Then the conditions k^K,l^L,m^ M, n ^ N and k G I G [m]2, m e [n]i 
imply k G [n\2- 

Proof, (fig. 6) Assume that charAi ^ 2. We define the points r = pM, s — pN, 
t = qL and u ~ qK. By orthogonaUties of suitable circles, we get r G [t\2 and 
s G [u]2- For x£Kr\L,x^p consider the harmonic homology ip = Sp^x, where 
P — [ph, X — [x\2- By definition of we get </3(i^) = L and tf{t) — u. Hence 
^p{s) — r and ^p{M) = N. By assumptions, (p{l) = k, ip{ni) = n and / G [m\2- We 
finally get k G [n]2. 

In the case charM — 2 the proof is analogous. Instead of the automorphism Sp^x 
we use a translation with pointwise fixed generator P which maps t to u; such a 
translation exists by Proposition 13. 51 and is involutory. □ 



Lemma 4.2. Let p, r, s, g, a, b, c, d be different points and K, L, M, N be different 
circles such that s = pr, q — rp, b = ca, d = ac, K, M G {p, r) , L^N G {q, s), a G L, 

be M, ce N, de K. 

Lfa' eL,b' e M, c' eN and b' = c' a' , d' = a'c', then d' G K. 

Proof, (fig. 7) Consider the points t = dd' , u = bb' and the orthogonal circles 
T = (s,i,g)°, U = {u,p,r)°. If u' = SAr(u), u" = Sl(u), then u',u" G U because 
L,N±U. Hence St(u') = u" and Srid) = d'. It follows that d' & K because 
T±K. □ 

In the remainder of this section we fix an arbitrary circle E. 
It is well known that every I{ E A determines the permutation f^ : E ^ E hy 
the formula /^(a;) = {Kx)E for x e E and vice versa (cf. 13, 0, 13, By 
definition, = ids- According to (S), if KJlE, then /|- = ids- The involution 
corresponding to a circle JsT, KJ-E will be denoted by z^. According to Theorem 
12.11 for any fx, there exists the permutation f^^ := fx', where K' = Se{K). 
Now we are going to show that the permutation set {fK\K G A} is closed under 
composition. This is equivalent to the rectangle axiom. 




Figure 6. 
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Figure 7. 

Corollary 4.1. (i) If L,N € A, q € E n {N \ L) and L,N±E, then there exists 
K E A such that Lq £ K , KJlL, N and fx — ih ° ^N- 

(ii) //cliarA^ ^ 2 or KiLE, then for every q € E \ K there exist circles L, N such 
that fx = ib ° iN ! q 'E N , Kq G L and L, NJ^K. 

Proof. Assuming E :— M in Lemma f4. II we get //< = «l o «Af, so it is enough to 
show the existence of suitable circles. 

(i) If LXN, then we set K := (qL, S'jv(gL), S'L(S'Ar(gL)))°. If L±N and charA^ 7^ 2 
the unique circle K such that K S {qL, SN{qL)) and KLL f Proposition 13 . 3|l is the 
circle we are looking for. The case charA^ = 2 and LJ-N is impossible by Proposi- 
tion 

(ii) In the case KXE the assertion follows for the circles N — {q, Sxiq), SE{SKiq)))° 
and L = (qK, SE^qK), SKiSE{qK)))° . If K±E and charTW ^ 2, we take the circles 
N, L such that N e {q, Sxiq)), N±E, L £ {qK, SE{qK)) and L±K. □ 

Remark 4.1. Corollary 14.11 enables one to represent any permutation fx as a com- 
position of two involutions one of which has a fixed point (in the case charAi — 2 
with the assumption that fx is not an involution). 

Remark 4.2. In Lemma l^l j^-LAf (hence N±L) is possible only in the case charAi 7^ 
2. 

Analogously to Corollarv l4.1l from Lemma [4. 21 we obtain 

Corollary 4.2. (i) If L,N e {q,s}, L,N±E and E ^ {q,s}, then there exists 
K £ A such that K G {qE^ Eq) and fx — iL ° iN ■ 

(ii) If K,E G (j),r) and c ^ [p] U [r], then there exist circles L,N such that c G N, 
L,N € {pr, rp) and fx = ih ° iN- 

Proposition 4.1. IfL,N±E and p G EDLDN, then there exists a circle K such 
that K C] E = {p} and iN ° ih = fx ■ 
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Proof. Let charAA ^ 2. There exists a point q ^ p such that q E E r\L and q ^ N 
by ProDOsition l2.1l ffig. 8). From part (i) of Corollarv l4.1l it follows that there exists 
K € A, K±L, N such that il ° = Ik- Since p ^ L O N, we have fnip) = P and 

KnE^{p}. 

If charM. = 2, by Lemma [2 . II there exists K ^ A such that Sk = Sl ° Se ° Sn- 
If cc e and y = Nx, then Sxiy) = SLSEiy) (fig. 9). Hence {L[yE))K ^ Ky 
and this means that il ° iNix) = fxix). We remark that in this case fx is an 
involution. □ 




Figure 8. 




Figure 9. 



Corollary 4.3. If E n K ^ {p}, LIE, p £ L, then II ° fx ^ m for some N £ A 
such that p G N . 

Proof. If charM. — 2, this is obvious. Let x £ E, y — Kx, q = {L{yE))y and let 
be a circle tangent to L at p and passing through q (fig. 10). By Proposition 
14.11 there exists K' £ A such that il ° in = fx' and K' O E = {p}. From the 
construction of fx' we get y £ K' , so K = K' . □ 




Figure 10. 
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Corollary 4.4. Ifp eEDKnLnM and K, L, M±E, then im o iL o ix ^ in for 

some N E A through p. 

Now we will collect some propositions concerning superpositions of the bijections 
Jk- We have not been able to find a shorter way to prove the postulate (G). The 
main problem is the case of nonintersecting circles. 

Proposition 4.2. // LJlE and p E L n E, then for every circle K there exists a 
circle M such that fa o «l = /m • 

Proof. Assume that p ^ K. From Corollary ^^ii) , fK~is° iR, where R,S-LE 
and p £ R, Kp e S (fig. 11). If charM = 2, then there exists T G A such that 
p € T and ifl o il = ir by Proposition 14. II Hence fx ° = is ° ° iL =^ is ° ir- 
According to Corollary 14. If i). there exists a circle M such that is o ir — /m- If 
charAA 7^ 2, then by CoroUarv 14.1^ 1). there exist T,U E A such that is — iu ° ir, 
where p E T. By Corollary 14.41 we find a circle W such that iw = ir ° iR ° iL- 
Hence Jk °iL — is°iR°iL — iu °iT °iR°iL = iu °iw- By Corollarv l4.1f i') , there 
exists a circle M such that fK°iL~iu°iw — fhi- 

Let now p E K and charAi 2. Then we can find q p such that q E L D E. If 
q E K, the result follows from Corollary 14.21 li q ^ K, it follows from the already 
proyen part of the Proposition. 

Assume p E K and charM. = 2. If if n L = {p}, then Jk is an involution and 
the result follows from Corollary 14.31 In the other case let us consider the circle 
K' :— Se{K). We have K'dL ~ {p, q} with q ^ E and we set: a — Eq; r such that 
r E K' n E, r ^ p] m = pr; n — rp (fig. 12). If 6 ^ a,p, r is an arbitrary point of 
E, then /x' ~ ic °iF, where F = (m, n, b)° , G — (to, n, K'h)° by Corollary ^^ii). 
If Q is a circle such that /g = ic^ib fCorollarv l4.1|l . then b ^ Q. Indeed, if b E Q, 
then Soib) eQDE (because G,LLQ,E), hence E = (Scib), SL{b),b)° = Q and 
we get a contradiction because n E Q and n ^ E. It follows that b ^ Se{Q) — Q' ■ 
So we have o f^, ^ ii^oiQO ip, hence il o fx' = fq^ oip = fq, oip ^ fM' 
for some circle M' by the first part of the proof. For the circle M := Se{M'), we 
obtain fx oil = fM- □ 




Figure 11. 



Proposition 4.3. // LLE and p E L Ci K , then there exists a circle M such that 
fM = iL° fx ■ 

Proof. By Corollary I4.ir ii'). there exist R, S-LE, K such that fx = is ° iR, P £ S 
and Ep E R. Then i^ o fx = ih ° is ° iR- As iL ° is = fx for some T by Corollary 
14.21 we conclude that iL ° fx — fr ° iR — fM for some M G A by Proposition 
10 □ 
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Proposition 4.4. //£, TJ-E, then there exists M such that il ° = /a/- 

Proof. Let K be an arbitrary circle such that KnL ^ 0, KfiT ^ and K±T. Tlicn 
Jk = iT°is for some S" g A such that 5 n ii^ 7^ 0, so we get iLoir ~ {iL ° Jk) °is- 
By Proposition 14. 81 iL° Jk = Jm' for some M' € A, hence iL^ir — Jm' °is — Im 
for some M G A by Proposition 14. 21 □ 

Proposition 4.5. If LJ^E, then for any K there exists M such that i^ ° fx = /a/- 

Proof. By Corollary I4.ir ii). there exist circles P,QJ-E such that /a- = ig o ip, 
where P n 7^ 0. Hence, il ° fx = (*l ° *q) ° *p and by Proposition 14 . 21 we can 
find M' such that il ° ig = *a/'- So we have i^ o fx — iw o ip — fn for some 
7\f e A by Proposition □ 

We finally get 

Lemma 4.3. For arbitrary circles K,L there exists a circle M such that fM — 
/l o fx- 

Lemma 14.31 yields 

Theorem 4.1. Every symmetric Minkowski plane satisfies the rectangle axiom (G). 

Corollary 4.5. A symmetric Minkowski plane satisfies the conclusion of Lemma 
with assumption: 

(V) there exists a point x & M such that xN ^ xL A K(xN) — (Lx)K 
instead (i). 
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